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Abstract. A short survey of some material related to conformal gen- 
eral relativity (CGR), integrable Weyl geometry, and Dirac-Weyl (DW) 
theory is given which suggests that CGR is essentially equivalent to DW 
with quantum mass corresponding to conformal mass; furthermore var- 
, ious actions can be reformulated in terms of the quantum potential. 
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g ! 1. INTRODUCTION 

This is primarily a survey and review article, the main point of which 

is to make precise an observation of Bonal, Quiros, and Cardenas in [13] 

relating conformal mass to quantum mass. We acknowledge with thanks 

^ . the valuable comments of a reviewer, some of which are partially included 

here, and some typos have been corrected. A revised and shortened version 
C3 ' . . 

is m preparation. 

Thus we will gather together some formulas involving Weyl geometry and 
Weyl-Dirac theory in various ways and show connections to the Schrodinger 
equation (SE) and Klein-Gordon equation (KG). Many aspects of this have 
been sketched in [H [201 EH [23] (based in part on [3 [Ml ESI [26l S31 HH 
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[65| [68l 171] ) and related it to Ricci flow in [22] and we now want to deepen 
our understanding and rephrase some material with some expansion. The 
presentations in [29 s 163"! 164] are very extensive so we will begin with Is- 
raelit [H2 HI] to get started (cf. also [52J for semi-Riemannian geometry) . 
We recall first the standard transformations of contravariant and covariant 
vectors via x — > x in the form 

— f)'v v — fix* 7 

(1.1) T u ^T u = T a ^—; — T. = T a ^— 

For parallel transport of a vector along a curve from x u — » x u + dx 1 ' one 
sets 

(1.2) dT» = -T a r£ u dx u ; = ^[d^ + - c^] 

where is the standard Christoffel symbol. Some calculation then shows 
that dT = under parallel transport and one obtains also (1A) dT^ = 
T a V^ u dx v . In Riemannian geometry one defines also covariant derivatives 
via 

(1.3) V.T^ = d v T» + T CT r^; = d v T» - T a T° v 

From the above one determines easily that (IB) V \g^ u = = V \g^ v and 
if the vector is parallel transported around an infinitesimal closed par- 
allelogram it follows that (•) AT A = T° 'R^ dx 11 dx u where the Riemann- 
Christoffel tensor is 

(1-4) R-ofiv = ~dvF afl + dfjT av — T crfJ T au + T cru T ctfl 

On the other hand from dT = the length of the vector AT = and one 
finds 

(1.5) V,V M T A - V M V,T A = T a W 



Contracting R°^ gives R^ v = R^ u x an< ^ the curvature scalar R = g^ u R^ v . 



For Weyl geometry one has a metric tensor = g v ^ and a length 
connection vector while both the direction and the length of a vector 
change under parallel transport. Thus if a vector is displaced by dx v one has 
(1C) dT» = -T a f% v dx u and its length is changed via (ID) dT = Tw v dx v . 
One can also write (IE) d(T 2 ) = 2T 2 w v dx v and for this to agree with (1C) 
and T 2 = g^ u T^T u for arbitrary T^ and dx v requires 



(1-6) 9^K\ + gycT^x = dxg^u - 2g^w x 

3 nnnnppfinn it; mrvninptTin li 1 



Following Weyl one assumes that the connection is symmetric (i.e. fr 



r*J leading to 



(1-7) f J„ = r*, + g^w x - 8$ Wlx - 5*w„ 
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Using this Weyl connection f * one forms a covariant Weyl derivative via 

(1.8) v„t^ = d v T» + rr ^ ; v,r^ = d,T M - r CT f ^ 

One can also write then 

(1.9) X7 U T» = V V T» + T°[g au w» - 5»w a - 5%w u ) 

This all generalizes to tensors in an obvious manner and in particular 

(1.10) = ^X9fiu ~ 9au^\ ~ 9^l\ = Ig^wx 
Similarly one has (IF) Vfg^ = -2g^ W \. 

In particular consider a spacetime with a symmetric metric tensor g^ 
and an asymmetric connection T^ u defining a parallel displacement (cf. 
(1C)) (1G) dT^ = —T a T^ u dx u . The connection can be split into three 
parts, the Christoffel symbol, the contorsion tensor, and the nonmetricity, 
namely 

(1.11) f %, = T%, + + \g x ° [Q vtur + Q, ua - Qx^\ 

The contorsion tensor C^ u may be expressed in terms of the torsion tensor 
ff H = (V2)[f^ -f*,J via (1H) Cft, = ff H + 9 ^g, K Tf va] + g ^g VK f^ y 
The nonmetricity can in turn be represented as minus the covariant deriv- 
ative of the metric tensor with respect to T^ u , namely 

(1-12) Qxtiv = -dx9tiu + 9au^1x + 9<7ij,Kx 

Comparing with the Weyl connection (jl.7p one can say that the Weyl geom- 
etry is torsionless with nonmetricity (II) Qxuv = —^9^vWx (i n Riemannian 
geometry both torsion and nommetricit vanish). Further in the Weyl ge- 
ometry for parallel transport of a vector T M around an infinitesimal closed 
parallelogram one has (1J) AT A = T° ' K x ^ v dx^5x u and using (ID) there 
results for the total length change (IK) AT = TW^ u dx^5x u . In (1J) K^ v 
is a curvature tensor similar to the Riemannian one but with F^ v replaced 
by the Weyl connection T^ u . In (IK) one has the Weyl length curvature 
tensor (1M) W^ u = V u w^ — V^w u = d u w^ — d^w u and one sees that in 
Weyl geometry AT ^ unless W^ v = 0. 

Transporting a vector of length T around a closed loop leads to T new = 
T + f s TWfxudS^" where S is the area confined by the loop and dS^ v a 
suitable area element. If one assumes that under Weyl gauge transforma- 
tions (WGT) the components remain unchanged the length changes via 
T —* T = exp{\)T where \{x v ) is a differentiable function of the coordi- 
nates. One has then 

(1.13) g, u -+ ~ 9iiV = e 2 V; <T - ST = e- 2X g^ 
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In order to have dT = Tw u dx y for transformed quantities one has to take 
a WGT law (IN) w u —* w v = w u + d u X. Further a quantity is said to 
be gauge covariant if under a WGT it is transformed via (lO) ip — > ip = 
exp{n\)ip and n is called the Weyl power of tp; one writes n(-0) = n. Thus 
n(s^) = 2, U(g^) = -2, II(T) = 1, n(^/^) = 4, etc. If II is zero one 
has a gauge invariant quantity and making use of (|1.13p and (IN) it follows 
that (IP) Il(r^) = 0; quantities are called in-invariant if they are both 
coordinate and gauge invariant. 

REMARK 1.1. The Dirac modification of Weyl theory involves a 
scalar function f3{x v ) satisfying (1Q) /?—>/? = exp(—X)(3 (i.e. II(/3) = — 1). 
Since this provides a 1-1 relation between A and (3 one calls (3 the Dirac 
gauge function (also Dirac field). Given that A is intrinsic to Weyl space- 
time one can say that (3 is also a part of the geometric structure (cf. also 

[2H1 S3 EH)- ■ 

Now some curvature tensors are developed starting with (ll.4p - (ll.5p . Con- 
tracting one obtains the Ricci tensor 

(1.14) R^ u = R^ u \ = —d\T x u + d u T^ x — T^r^ A + T^ A r^ 

This leads to the Ricci curvature R = g^R^v and the Einstein tensor 
(1R) = R^, — (l/2)<5^i? which satisfies the contracted Bianchi iden- 
tity (IS) V ' uG 1 ^ = 0. For the Weyl counterpart we have following (|1.3p 
(IT) VvV^Tx - V M \7„T A = T a K° with Weylian curvature tensor K? 
given by 

( i i <\ — _a r x -l f) r A — r a r x + r Q r A 

Contracting this and using (jl.7l) yields 

(1-16) = K x uX = 

Rfiv - 9^\w x + V M «v - SVvWtj, + 2g fiu w x w\ - 2w [l w v 
Consequently 

(1.17) - K Vil = 4(V M ^ - V vWfl ) = -AWn V 

Contracting in (|1.15p one obtains now (1U) K x = —AW^ and from 

(fj~T6|) there is a scalar (IV) K = g» l ' K x vX = R - 6V x w x + 6w x w x . One 

forms also (1W) W 2 = W\ a W and considers a Weyl space with torsion. 
In this case the connection can be written in the form 

(1-18) r*, = r*, + g^w x - 5 x WlI - S x w u + c x u 

and one defines a covariant derivative (IX) V U T X = d u T x — T a T Xll with 

(1.19) V.V^T, - V,V U T X = T a K Xflu - 2V a T A rf H 
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In summary one notes that in Riemannian geometry under parallel trans- 
port the direction of a vector is changed but not its length. However in Weyl 
geometry both the length and direction are changed. In theories based on 
Weyl geometry the equations and laws have to be covariant with respect 
to both coordinate transformations (CT) and Weyl gauge transformations 
(WGT). Both Weyl connections T and T are gauge invariant so the corre- 
sponding contractions and curvatures are covariant with respect to CT and 
WGT. 

2. THE DIRAC WEYL APPROACH 

First, following Israelit [33], we add a few more remarks about Weyl 
geometry. Look first at the Weyl geometry without torsion involving T x u 
with nonmetricity Q\^ u as in (I1.12|) . There are two other possible choices 
of connection of interest here. 

(1) For 2 f = r£„ + g^w x + 5 x w u - S x Wfi with (1C) (cf. there 
results diT = —Tw v dx v and 2 Q\ l _ lL/ = 2g^ u w x (cf. (II)) leading to 
a torsion tensor 2 r^] = S x w u — S^w^ 

(2) Another connection is possible with the form 3 r^ Jy = T X +(1/2) 2 C X 

where 2 C X V = 2g )iu w x — 25 x w^ is the cotorsion tensor for 2 r^. Here 
one has d^T = = A3T and vanishing nonmetricity, but there is 
torsion. 

Now the Weyl-Dirac theory was developed in various ways following [281 
1331 [34J EH [65] (cf. also P3 E3J for a survey) and we follow first [43] here. 
Thus one can deal with an action integral (cf. [43] for details) 

(2.1) I = J [W Xfl W Xfl - f3 2 R + af3 2 w x w x + {a + 6)d x fid x (3+ 

+2a[3d x (3w x + 2A/3 4 + L M ]V^gd A x 
(A is a cosmological constant). Note here (Lq = L geom ) 

(*) - (5 2 K = -f3 2 R + 6(3 2 V x w x - 6(3 2 w x w x 

(**) L G = W Xa W Xa -f3 2 R+6(3 2 V x w x -6{} 2 w x w x + k(d x p+Pw x ) 2 + 2A[3 4 

However f3 2 V x w x = V x ((3 2 w x ) — 2(3d x fiw x and the first term integrates 
out, leading to (|2.ip . Then to avoid Proca terms one sets a = k — 6 = 
leading to 

(2.2) 1 = J[W XlI W Xtl -f3 2 R + 6d x pd x [3 + 2A{3 A + LM]^gd A x 

(cf. [33] for details) . Here (3 is an additional dynamical variable (field) with 
n(/3) = — 1 and one is interpreting as an EM field potential with W Xfl 
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as the EM field strength. The equations of the theory follow from 51 = 
and first varying gives 

2 9 /3 2 



(2.3) GT = BT - -cTR = -^(M^ + T^)- 



+ |(^ v « Vq/5 _ v w V^) + -^(48^(3d u (3 - g^ u d a (3d a (3) - g^A/3 2 

One has energy- momentum tensors (2B) M^ u = {l/A-K)[(l/4:)g^ v W Xa W X(T - 
W&Wfl for the EM field and (2C) = \{l/%K^g~)[5{yf=gL M ) / 5g^ v ) 



A j iui uiic jjiv± nciu anu. V -*^; — LW °" V y;L"W — W-^JW 7/ ^\J[iv\ 

for the matter. Varying w„ gives the Maxwell equation (2D) \J v W l> " v = 
4ttJ^ where J M = (1/16tt)(5Lm /Sw^) and varying in (3 one obtains 

1 5L M 



(2.4) 0J2 + 6V A V A /5 - AA(3 d = SttB; B = 

l07T Op 

(B is a "charge" conjugate to /?). Taking the divergence of (2D) gives the 
conservation law for electric charge (2E) \7 X J X = and taking the diver- 
gence of (|2.3p one gets (using the Bianchi identity) the equations of motion 
for the matter (2F) V U T^ - T(d^(3/(3) = -W U J U . 



Consider now the matter part of the in-invariant action (12. 2p . namely 
(2G) Im = / LM(\/—gd 4 x which depends on g^, w^, j3, and perhaps ad- 
ditional dynamical variables ip^ . Since the latter are not present in Lm one 
has (2H) 6[^L M ]/6rP„ = so 

(2.5) 51 M = 8tt J [T^Sg^ + 2J^5w^ + 2B5^]^gd A x 

Now carry out a CT with an arbitrary infinitesimal vector rj^, i.e. x^ — > 
= x^ 1 + rf\ this yields 

(2.6) 5 9lxv = gxvV^ x +g^VvV X ; <K = w x V M r/ A +V x w^ x ; 5(3 = d x /3 V x 
Putting this in (|2.5p and integrating by parts gives 

(2.7) 5I M = 16vr J [-V X T X - WfM V x J x - J X W^ X + Bd^^d A x 

However since Im is an in-invariant its variation with respect to CT vanishes 
so from (|2.8p one obtains the conservation law (2J) V X T X + w^V X J X + 
J X Wu\ — Bd^f3 = 0. Next consider a WGT with A(x^) infinitesimal. Using 
(fL13l) . (IN), and (1Q) one has 

(2.8) 5g„ v = 2g^X; 5(3 = -/3A; 5 Wfl = d^X 
Putting these in (|2.5p and integrating by parts gives then 

(2.9) 5I M = 16vr j [T - V A J x - B(3]\^g~d A x 



REMARKS ON WEYL GEOMETRY AND QUANTUM MECHANICS 



7 



Given the invariance of (|2.5p under WGT one has from (|2.9p (2K) T = 
V A J X + /3B and in view of (2E) this leads to (2L) T = (3B. Further using 
(2E) and (2L) in (23) yields (2M) V X T* - T{d^(3/f3) = -J X W^ X which is 
identical with the equations of motion for the matter (2F). Going back to 
the field equations (12, 3ft one contracts to get 

Putting (2L) into fl2. lQf) and using G a a = —R% = R one obtains again 
the equation for the field (|2.4p . Consequently (|2.4h is rather a corollary 
rather than an independent field equation and one is free to choose the 
gauge function - this freedom indicates the gauge covariant nature of the 
Weyl Dirac theory. 



(2.10) G° = -- I T + -V x V x f3-4A0 



We go now to the third paper in Israelit [H] and look at integrable Weyl- 
Dirac (Int-W-D) theory where = d^w and W^ v = 0. Thus the action 
in (|2.ip has no W ^W\a term and one can introduce an ad hoc gradient 
(2N) 6 M = dfj,/3//3 with W = w + b and = + 6 M (W will be gauge 
invariant). Replace now k — 6 = 1677(7 and varying the action in (12, lh with 
respect to w yields (20) 2V v (a0 2 W u ) = S where S is called a Weyl scalar 
charge (2P) lQnS = 5Lm/$w- Note here that (|2.3I) can be rewritten as 



(2.11) = -8tt-£ + 1677(7 



w v w v - ^W a W a 



+ 



and P3D as 

(2.12) + /c(V CT 6 ff + 6 ff 6 ff ) = 1677(7 (w a w a - V a w a ) + 4/3 2 A + Sti[5' 1 B 

B is defined as before and looking at CT and WGT transformations as 
above leads to 

(2.13) V A T M A - Sw„ - pBb^ = 0; S + T-[3B = 0^ V X T X - Tb^ = SW^ 

Going back to (|2.1ip one can introduce the energy momentum density ten- 
sor of the Wfj, field 



(2.14) 8778^ = I6776-/? 2 



-g^W X W X - W^W 1 



Making use of (20) one obtains (2Q) V x Q*-Ob^ = -5W M and from (|2TT3|) 
and (2Q) there results (2R) V X (T X + @ x ) - (T + 6)6 M = 0. This gives a 
mini-survey of the Int-W-D framework. A fascinating W-D cosmology was 
developed in [251134] but we omit this here (cf. also [241 1261 1251 1301 1631 164] ) . 
There are many general theories of relativity involving spin, torsion, non- 
metricity, etc. and we refer to \12\ [4"0| [57] for information (with apologies 
for omissions). 
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3. CONNECTIONS TO ELECTROMAGNETISM 
We go first to |43[ |44| [46] and recall the Maxwell equations in the form 

(3.1) V • E = Anp; VxH = 4ij + d t B; V x E = -d t H; V • H = 

The asymmetry regarding electric and magnetic currents is seen more clearly 
in writing 

f fiuaf3 

(3.2) VvF^ = 4vrJ^; V V F^ = 0; F^ = -——F a p 



where e^ ua @ is the completely antisymmetric Levi-Civita symbol. From 
this one can write (3A) F^ u = V U A^ — V^A U which in current free regions 
can be written in Lorentz gauge as (3B) \/ u V u A^ + A u Ry = 0. In order 
to build up a theory admitting intrinsic magnetic and electric currents and 
massive photons one asumes a = k — 6 7^ which for k < 6 leads to a 
Proca field that can be interpreted as an ensemble of massive bosons with 
spin one (i.e. massive photons). Thus take a symmetric metric g^ u = g Ufl , 
a Weyl vector w^, a Dirac gauge function (3, and a torsion tensor fj^ as 
in (|1.18p with contorsion tensor 

and under WGT one has 

(3.4) g^ v -> g^ v = e^g^; -> = + <9 M A; -»• jH = e~ x [3 

and one assumes (3C) fj^ 1 — > 1 = f * u with a curvature formula as in 
(|1.15p . namely 

/o r\ t>-A _ _ o pA 1 o -pA _ pa pA , -pa pA 

Further there is a formula (jl . 19f) describing geometrical properties invoked 
via torsion where (via V xg^u = —^9^uW\) one can express the torsional cur- 
vature term as (3D) - 2V a T fJ T ^ ~ aV^W^f where is the Weyl 
length curvature tensor. The action integral (|2.ip is then replaced by a three 
line expression (cf. [43J, p. 63) with dynamical variables fj^p w^t, 
and /3 (a dependence of Ljv/ on additional matter field variables is not ex- 
cluded). 

Now varying in this action gives 
(3.6) V u \w^ - 2V a f = y (fc - 6)W^ + 2/3 2 f a jj + 4ttJ^ 

where (3E) = w )jL + d^log(f3) and under WGT (3F) = with 
167rJ M = SLitf/Sw^ (W^ is called the gauge invariant Weyl connection 
vector and J M = if Lm does not depend on Wu). Variation of the action 
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with respect to , gives another field equation (cf. Israelit [33], p. 64) 
involving 16-^0^' = SLm /^ti U ] whose contraction yields 

(3.7) V U W^ = -3/? 2 W^ + 2/3 2 r^ - 4ttO^ 

One regards as the electric current vector and the magnetic current 
density vector will be expressed in terms of fl^ . One has two conservation 
laws following from (|3.6|) and (|3.7|) . namely 

(3.8) (k - 6)V At (/3 2 ^) + 8vrV M + 4V M (/3 2 f ^) = 

(3.9) 3V M (/3 2 ^) + 47rV„nlr ] - 2V M (/3 2 f ^) = 

Further calculation leads to the introduction of a strength tensor for the 
EM fields 

(3.10) ^ = - 2V a f f H = V„W^ - V„W„ - 2V a f f H 
allowing one to write (|3.6p in the form 

(3.11) V u ^ u = ^(3 2 (k - 6) W» + 2/3 2 f + 4vr 

(note ^^jy = if = and f 1 ? i = 0). The dual field tensor is now 
(3G) = -(l/2^7)e^ Q/3 $ Q/3 and one can write 

(3.12) V A $ M „ + V^ AAt + V^.a = 4vr(^ [l/A] + ft A[H + ^ [Am] ) = 4^6^ A 

with A[H = g^Qv^x^- This all leads then to (3H) V u ^ v = 4vrL^ 
where = -(l/&yf r g)e l " Xua exva with V M L^ = 0. Thus one obtains two 
equations (|3.1ip and (3H) for and The fields are created by 

intrinsic magnetic and electric currents and for fc / 6 a Proca term appears 
in the equation. 

This is developed to considerable extent in Israelit [H2 0U H6] and the 
torsion plays a crucial role in that one can generate a dual field tensor having 
a nonvanishing divergence (making possible magnetic currents). Indeed one 
can define (31) T x ^\ = - (l/y/=g) e x ^ ua V a leading to 

(3.13) V,$^ = V V V V W^ - V„VW = — ^/3 2 W^ + 4vr J^; 

V u ^ u = V U V U V^ - V U V^V V = 

Working in the Einstein gauge (3 = 1 one has a Proca equation (3J) V u V u w^+ 
kPw 11 = (k 2 = (l/2)(6 — k)) and in the absence of magnetic fields a 
massless photon is implied via k = (cf. [51 [4"0] |4"T1 W2\ for other points of 
view) . 
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4. DIVERSE DEVELOPMENTS IN WEYL GEOMETRY 

We gather in this section some material from the literature in an attempt 
to clarify and unify various approaches (cf. d El H21 [26l EH [30l EH [Ml 
SOl HZ1 H21 ESI EH1 ED EH E3l EH [651 EH LH])- We coordinate notation by 
noting that the notation for the Weyl connection differs in many of these 
references but they are all equivalent modulo a factor of ±1 or ±1/2 in the 
definition of w p . Thus e.g. [13] = [65]= [UJ, [M] = [II] = -@3], [22] = [35] 
= -|6j = -[12J = (l/2)[43j. There are various approaches to Weyl geometry 
and we only try to build on the framework already developed in Section 
1-2. Thus go to [47J which has a compatible point of view and start with 
transformations (4A) g pu — > exp(2X)g flu with length changes (4B) I — > 
exp(X)£; then the relation (jl.lOp holds under Weyl transformations w p — > 
w^+d^X. If d p w u — d u w p = there is a Weyl transformation reducing to 
zero and the space is Riemannian (or semi-Riemannian) . Here T x is given 
by (jl.7p and on has curvature if„„ from ()1.17[) with K as in (II). There 
is a nice discussion in [47] of attempts to develop EM in the Weyl theory 
and its difficulties. In particular one problem is that the Weyl vector does 
not seem to couple to spinors (see the last chapter in [17]). The Einstein- 
Schrodinger approach to EM is also discussed along with Brans-Dicke and 
Jordan theories. In terms of conformal geometry one considers conformally 
equivalence via g^ u = exp(2X)g p , v (or what is the same ds = exp(X)ds) 
with corresponding connection T^ u as in (jl.7p with — > — d^X (integrable 
Weyl geometry). One gets then (in 4-D) 

(4.1) R vp = R vp + g vp UX + 2{V P V V X + g vp d \dP\ - d v Xd p X) 
leading to 

(4.2) R = e- 2X [R + 6aX + 6d a Xd a X] 

where (4C) D\ = (l/^g)d p (^/^gg^ u d u X) as usual. Equation P~2|) has 
an alternate form since in 4-D the transformation law for a curvature scalar 
is (4D) R = exp{-2X)[R + 2(DA + d^Xd^X)] leading to 

(4.3) R = e~ 2X 



R + Qe~ x n e x 



in place of (14. 2p . One shows also that for <p = exp(—X)4> there results 



(4.4) □ 4> + -R4> = e~ 3X 

6 



Uct> + -R4> 
b 



so n<j> + (l/6)R(j) = is conformally invariant. 

There is also information on scalar-tensor theories in [47J (cf. also 
for a string oriented approach). We recall first (jl.lOp Vg^ u = 2g^ u w\ or in 
the notation of [UJ (4E) V p g pu = 2g pu w p . This is invariant under WGT 
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(4F) g pu — ► exp(2\)g pLV and w p — > w p + c^A. A physical quantity X with 
dimension L N can be assigned a transformation law X — > exp(NX)X under 
a conformal map. Thus conformal maps are spacetime dependent redefini- 
tions of the length unit. The metric cannot be used for raising and lowering 
indices since it does not commute with the Weyl covariant derivative. How- 
ever in [17j (cf. also [28] ) one defines a new covariant derivative which is 
covariant for unit transformations as well as coordinate transformations. 
For this let V denote any covariant differentiation for some unspecified 
Yy P (e.g. V and Tfi up ). Then if X is any tensor density with dimension 
number N the transformation law for the covariant derivative under a unit 
transformation as above will be (4G) V p X — ► exp(NX)(\7 p X + Nd p \X). 
In order to eliminate the final term in (4G) one introduces a confor- 
mally covariant derivative (4H) V p X = V p X — N<j) p X where <p p is the 
Weyl vector with transformation law (4F); this has the transformation law 
(41) VpX — ► exp(N A)V p X . To determine the components of the affine 
connection one imposes the restriction (4J) V p 9uv = an d since N = 2 for 
g pu this leads to 

(4.5) f % = T% + g pu r - Sfa - 

and this is precisely the Weyl affine connection T pu of (|1.7p (V^ is a "confor- 
malized" covariant Weyl derivative). Because of (4 J) conformally covariant 
differentiation commutes with the raising and lowering of vector indices and 
this new formalism is fully equivalent to that of Weyl since (4J) is precisely 
the same equation as (4E). Recall that the Christoffel symbols are defined 
via V p g^u = 0. Now 4> p cannot be assigned a conformally covariant deriva- 
tive because of its peculiar transformation law under unit transformations; 
it does however have a conformally covariant curl 

(4.6) <f) pu = - d v $n = V p <j) u - V u cj)p 

which is a tensor with zero dimension number. One can also write for a 
vector of dimension number (or Weyl weight) N and scalar density w 

(4.7) V P V,X p - V v V p X p = P^ vp X x + (N — ^ vp X p 
and for a contravariant vector 

(4.8) V P V U X» - V V V P X» = -P^ vp + (N- Aw^pX" 

(note if A £ GL(N) then y = \A\ w y is a representation and y is said to 
be a scalar density of weight w). The tensor Pp Up is the curvature tensor 
constructed from (|4.5p which means it is the Weyl curvature ; it is 
conformally invariant. The generalization to more general tensors follows 
the pattern (for a skew symmetric tensor density) 

(4.9) 2V P V V X V " = -P\ up X x ? - P p Xvp X vX + (N — Aw^X"? = 
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= (Pup ~ P P u)X v " + (N- Aw^X-P = (A + N- ±w)<t> vp X v P 
(one has used (jl,17p here). For <j^ v itself (where w = and N = —4) one 
has V p V u (f) up = 0. 

The obvious choice of Lagrangian for the <j)^ field is, by analogy with 
EM, (4K) — (1/4)^/— g (1/ f 2 )^^^ 1 ' where / is a dimensionless coupling 
constant (the physical vector field is then actually Xn where 4>n = fXfi an d 
/ represents the strength of the coupling of \^ to other fields). One wants 
now to build a Lagrangian all of whose parts have zero dimension number 
(such as (4K)). The mass is an inverse length with N = — 1 so one writes 
m = a[i whre fi is a dimensionless constant and the Lagrangian density for 
the associated field a is then taken to be (4L) — (1/2) -y/— g\/ ^aV^a where 
V^er = d^a + (fi^a. One then shows that a Dirac spinor field is not coupled 
to the field <p^ so that cannot be interpreted as EM (see [UJ for details). 



REMARK 4.1. Going to Canuto et al [15] one looks at Einstein units 
where (4M) G^ = R^-(l/2)g^ u R = SirT^+Ag^ and sets g^ = c^g^ 
(conformal frame) to get 

(4.10) e^a^n^t-^-^f^ ^ 



(3 f3 2 V" P P 2 

(V here refers to g^ v and Ag^ = Ag^ u for A = a 2 A). The right side of 
(|4.10p is form invariant (i.e. g^ u = x 2 9^u leads to (|4.10p with a — ► ax 
and covariant derivative V referring to g' . The spacetime underlying the 
ensuing Einstein equations 

(4.11) Gf_ w + 2—^ - 4^- - g^ (^2— ^- 1 = -8vrT^ + Ag„ v 



is an integrable Weyl (IW) manifold (i.e. the Weyl vector 0„ satisfies 
^v4>ij, ~ V '^(j)u = with (pp = d^). This means that the spacetime is 
conformally equivalent to a Riemannian space but (j)^ does have physical 
significance. For the Weyl geometry we have as usual the connection f 1 * 
as in (jl.7p with curvature K as in (IV). Thus the basic theory corresponds 
to our previous development. ■ 

5. BOHMIAN QUANTUM GRAVITY 

We go here to work of A. and F. Shojai and M. Golshani [65|, [66], [67] 
which has had a profound effect on our thinking (cf. [HI [21], [22] [23] and 
see also ^1 [Zl IB1 HH I2H H51 [2SI E21 ISS ISH CH E2]). We follow 
the notation of A. and F. Shojai [65] which is visibly compatible with 
Sections 1-3 but some adjustment seems necessary in the notation (we will 
therefore also indicate the equations of [28] and [451 161] below in an attempt 
to unify all approaches - for brevity we omit the basic points of |25j). 
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Going then to [65] one refers to [U [28] and begins with (5A) bt = fi^Sx^i 
or equivalently I = loexp(f (fi^dx^). The length change corresponds to a 
metric change (5B) g^ u — > exp(2 f (p^dx^g^ and one arrives at a Weyl 
affine connection as before, namely T^ x ~ T^ A . Given a transformation 
(5C) ^ -> ^ = M + d M A one has 51 -► « + {d^SxH. The curl of the 
Weyl vector is = d p 4> u — d^cj)^ has features similar to and EM field 
strength but as noted in [37] should not be identified with EM. Now the 
Weyl-Dirac action is taken as 

(5.1) A = f d A xyf^{F lxv F" v - (3 2 K + {a + 6)V^V"(3 + L M ) 

where (3 is a scalar field of weight —1. The covariant derivative here is 
written as (5D) V p X = V p X — Ncft^X (discussed below). 

REMARK 5.1. Let us group together some versions of the action. 
First from [17J in (4H) one has V p X = V p X — N<j) p X which agrees with 
e.g. [33] and (5D) should be tuned to this. Then we want to compare A in 
(I5TTD with I of (recalling (*) and (**) after and the reduction 
/3 2 V\4> X — > —2f3(f) X d\(3 after integration. We write for comparison some 
action formulas to compare with (|5,ip . Thus (|2.ip gives (cf. [43J) 

(5.2) 1 = J{W Xfi W Xtl - /3 2 R + ap 2 w x w x + (a + 6)dx(3d x (3+ 

+2af3d x f3w x + 2A/3 4 + L M ]^d A x 
while (??) (from [35]) is 

(5.3) L D = W pu W^-(3 2 R+kd fl /3d' 1 l3+(k-6)(2(3w fl (3 p +f3 2 w fl w fl )+2A(3 4 

On the other hand from [61J one has (5E) *V u A p = VuA^ - N(/) U A^ = 
Vyi,, as a comformalized Weyl derivative (cf. (4H) with (5E) Va-g pu = 
^Qfiutficr = = 0). Rosen [61] also discusses connections (5F) YZ V = 

T'L, +5°(/> u with To-g^ = and acting on "standard" vectors (II = 1 or 
II(£^) = —1) one has e.g. (5G) Vj,^ = One notes that T a involves 

torsion. Rosen then takes for an in-invariant action (F ~ W) 

(5.4) 2t = F„ V F^ - (3 2 K + kV^V^ + 2A/5 4 + L M 

where = + 4> p f3){d^ (3 + <fpp) (recall N(/3) = -1) so that 

(5H) kV p (3V^(3 = d p (3d^(3 + 2^/95^/3 + (3 2 <j) ^ . Hence, setting k - 6 = a 
one has (cf. (f2TT]0 

(5.5) 21 = F^ v + fc[a M/ 9^ + 2^/3^/3 + P 2 ^} + 
+2A/3 4 + L M - f3 2 R - 6P 2 cf> X (f>x - 6 • 2/30 A d A /3 = F pv F^+ 

+{a + 6)d t ,pd"P + 2A/3 4 + L M - /3 2 i? + a^tjf + 2a^d^ 
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as in [61J (and this agrees, not surprisingly, with [33] and (|2.1| ). Thus we see 
that (15. ip is the same as (15, 4h where we only need to revise the notation of 
[65] to be (51) X ift = V^X = W V^X - NfaX = V '^X - NfaX identifying 



W V^X with V^X and X ;fM = V^X. U 

We continue now with our sketch from F. and A. Shojai |65| and will 
extract more or less freely in order to accurately transmit the thrust of the 
arguments. Thus one has equations of motion 

(5.6) 0^ = — (T^ + M^) + \ ( g^V a V a (3 - V^V"^ + 

p z p V / 

(4V^V^/3 - g^V a pV a p) + ^ fv"/3V"/3 - -y l X" iX 

(5.7) X V F^ = -a ((3 2 <p^ + + 4irJ fl ; 

R = -(a + 6)^ + o<b a (p a - oV a (b a + ^ 
where (5J) Af* = (l/47r)[(l/4)^F^F a/3 - F&F va \ and 

(5.8) SttT^ = 1 5 ^L M . 167tJ , = ^m.^ 6L M 



-9 Sg^ 8(3 

The equation of motion of matter and the trace of the energy momentum 
tensor can be obtained from the invariance of action under coordinate and 
gauge transformations yielding 
(5.9) 

The first equation in (|5.9p is a geometrical identity (Bianchi) and the second 
results from the non-independence of the field equations. The Weyl vector 
is being used as part of the geometry of spacetime and is in no way confused 
with an EM field. One will see that the Dirac field (3 represents a quantum 
mass field and both the gravitational fields g^ and (fin together with the 
quantum mass field (3 determine the geometry of spacetime. In some sense 
the gravitational fields determine the causal structure of spacetime while 
the quantum effects give the conformal structure. However this does not 
mean that the quantum effects have nothing to do with the causal struc- 
ture since it can act there via back-reaction terms in the field equations. 
The conformal factor is in fact a function of the dimensionless quantum 
potential (5K) Q = a(a ^/Jj / ^/~p~ where a = h 2 /m 2 c 2 and p is an ensemble 
density of the system. In fact one has a quantum Hamilton-Jacobi (HJ) 
equation (5L) V^SV^S = 9Jt 2 c 2 = m 2 c 2 exp(Q) ~ m 2 c 2 (l + Q) (see here 



V U T^-T—^- = J a (b a » - ( p + ) V Q J°; 16vrT- 16V M = 
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|21[ I51j for the exponential exp(Q)). One can either consider the quantum 
mass field SD? and the classical metric or a classical mass and a quantum 
metric to obtain the same results. Thus different conformal frames are 
identical pictures of the gravitational and quantum phenomena; one would 
feel different quantum forces in different conformal frames. This can be 
formulated into a conformal equivalence principle (cf. [65]) and the Weyl 
geometry provides a unified geometrical framework for dealing with the 
gravitational and quantum forces. One will have geodesic equations 

dx^ 1 „ dx u dx x 1 / ,„. dx^ dx v \ „ _ 

("0) - + Kx -- = -( ! r-—-)vw 

and we refer to [65] for more philosophy. 

One now simplifies the model by assuming that the matter Lagrangian 
does not depend on the Weyl vector so = 0; then the equations of motion 
are 

(5.11) CT = ~ (T^ v + M» v ) + | {g^V a V a p - V^V 1 ^) + 
(5.12) 

V V F^ = \a((3 2 r + W0)\ R = -(a + 6)^ + a^ a ~ aV a <f> a + ^ 

(5.13) V V T» U - T—^- = 0; 16vrT -/3i/> = 

Note here from (j5TT2|) that (5M) V^P 2 ^ + PV^P) = so that ^ is not 
independent of (5. 

Now for the quantum mass field one notes from (|5.12p and (|5. 13j) that 

1 4ir T a 

(5.14) op + -pR = —- + aP4> a 4> a + 2(a - 6)^V 7 /3 + -V/3V M /3 

This equation can be formally solved iteratively and one writes (5N) P 2 = 
(87rT/R)-[(R/6)-a(j) a (j) a }- 1 pnp+- • • . The first and second order solutions 
are 

(5 15) P 2 - 8 -^- P 2 - 8nT (l 1 I ^ 

To obtain the geodesic equation one uses f)5. 13j) and assumes that matter 
consists of dust with energy momentum tensor (50) T^ v = pu^u y where p 
(resp. u M ) represent matter density (resp. matter velocity). Putting (50) 
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into (|5.13p and multiplying by leads to (5P) V v (pu u ) — p(u^V^P/(3) 
0. Then putting (pTl3j) into (5P) again one obtains (5Q) u u 'V l 



(l/(3){g^ - u^u^VuP. Comparison now of (|5Tl5j) and (5Q) with rflUUD 
and (5L) shows that one has the correct equations for Bohmian quantum 
gravity provided 



(5.16) 



8vrT 
~R~ 



1 



m 



a 



Q a - (12/6) 



a 



Note also that since a gauge transformation can transform a general space- 
time dependent Dirac field to a constant one and vice- versa it can be shown 
that the quantum effects and the length scale of spacetime are closely re- 
lated. Thus suppose one is in a gauge where the Dirac field is constant; then 
applying a gauge transformation one can change it to a spacetime depen- 
dent function (5R) (3 = (3q — > = f3oexp(— A(x)) via (5S) ^ — > + d^A. 
Thus the gauge in which the quantum mass is constant (with zero quantum 
force) and the gauge in which it is spacetime dependent are related by a 
scale change; i.e. m the two gauges differs by — V At (/3//?o)- Since 4>^ is 
part of Weyl geometry and (3 represents the quantum mass one concludes 
that the quantum effects are geometrized. 

REMARK 5.2. The work of Quiros et al in H El E2 EH E3 [60] 
is very striking and we discussed this at some length in [19] (cf. also |23j). 
One can begin in [59J with the transformation of units theme. One has two 
Brans-Dicke (BD) actions (g a b = £l 2 (x)g a b, rh = $1 (x)m, etc.) 



(5.17) 



(A) Sbd 



d*Xy 



uJ 



(j)R- -\V(f)\ z + 16ttL m 



(B) S BD 




R 



((f) — > exp(tp), f2 2 = 4>). The conformal Riemann structure g ~ integrable 
Weyl spacetime. According to Quiros et al the laws of spacetime should be 
invariant under transformations of the group of point dependent transfor- 
mations of units (length, time, mass); this is called the BD postulate. In 
addition to (I5.17|) one has an Einstein frame from general relativity (GR) 
derived from 



(5.18) 



Sgr 



d A Xyf=g(R - a|VV>| 2 + 16ttL 



Mi 



(cf. [13l HSl [58] ) whose conformal form (conformal GR) is 



(5.19) S GR 



j d A xy^g~e~ 



R 
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(fx, 



(j)R 



a 



IVc 



+ 16lT(f> 2 LM 



(ft 2 = exp(ip) = 4> and = exp(—ip) = </> _1 ) and we recall V ' c g a b = 
is transformed into V c g a b = (d c t/j)g a b (cf. (jl.lOjl and note (Vip) 2 = 
[V(— log ((f))] 2 = (V (f)) 2 1 '4> 2 ) . Thus Riemannian geometry is transformed 
into IW geometry. One then eventually concludes (cf. |59[ [60] that the only 
consistent formulation is conformal GR based on (|5.18|) - namely (|5.19|) . 
This means that BD theory, which is naturally linked with Riemannian 
geometry, is not consistent with unit transformations (nor is Einstein GR); 
however conformal GR as in (|5.19)) is consistent and is naturally linked with 
Weyl geometry. It appears that the conformal BD theory as in (5.17B) 
differs from conformal GR only in a parameter choice a = uj + 3; however 
there is a difference in the matter Lagrangian L m and this leaves conformal 
GR as the only consistent formulation. There is a great deal of discussion 
of these matters in ^ [H [131 H71 HH [37l SH EH EH [60]. In t his regard 
note that under a conformal rescaling (5T) Q 2 = exp(i/j) (|5.18p becomes, 
following [13] ((ft = exp(-if))) 



(5.20) 



Sgr 




(j)R 



a 



( 3 / 2 ).|V^| 2 + 16vr0 2 L M 



4> 



as in (5.19) where <j) = exp(-ip) (cf. [13]) and again V c g a b = Wcljab where 
w a is the Weyl gauge vector (w a ~ d a ^ ~ —d a (j)/(j)). Note here that 
the equations of free motion in the Weyl spacetime based on (5T) with 
(5U) Sm = 167T J d x\J—g4) 2 LM will have the form 



(5.21) 



d 2 x a 



1 m 



dx m dx n d n ifj ( dx n dx a 



which are conformal to 



(5.22) 



ds ds 



d 2 x a dx 

LP" 

1 x run 



ds ds 







dx r 



dx 2 



ds ds 







and mass follows the rule rh = <f> 1//2 m. If one sets now <f> 1 = 1 + Q 
(following [66]) where Q is the quantum potential (actually (ft -1 = exp(Q) 
following (5L)), then the last term on the left in (|5.2ip represents a quantum 
force (via d n tp = d n log(4>) = d n exp(Q)). Recall here f2 2 = exp(-ip) = (f)^ 1 
is the conformal factor in g ah = ^l 2 g a b so (5V) g ab = (p^gab = exp(Q)g ab = 
(97t 2 /m 2 )g a b where we have now identified rh with the quantum mass 9Jt 
(cf. [13 UHl EU [231 E3 [661 [67]). We recall here that there are equa- 
tions similar to (5.21) in [65] with —(d n ^/2) ~ (9 n 9Jt/9Jt) so in some 
sense (modulo constants) tp ~ log(Wl~ 2 ) ~ log(cj)) which implies ~ 
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DJt 2 ~ ft 2 . The arguments here now assert that a free falling test par- 
ticle in Weyl spacetime would not feel the quantum force when follow- 
ing the path described by (|5.2ip . Thus the IW geometry implicitly con- 
tains the effects of some quantum matter. Note that mass changes via 
(5W) rh = exp[— (l/2)ip]m ~ _ ( 1 / 2 )m = exp(Q/2)m = 5DT as already 
indicated in the quantum mass formula from [651 l66l [67] (see here (5K)- 
(5L) where Q = (h 2 /m 2 c 2 )(0^yp/^/p) for some ensemble density of 

quantum matter p = R 2 ). It would be interesting to speculate now on a 
connection between dark matter and quantum matter (see Section 6). ■ 

6. DARK ENERGY AND DARK MATTER 

Connections between dark matter and Weyl-Dirac theory go back at least 
to Israelit and Rosen [33 [35] while in [26] Castro discusses dark energy and 
Weyl geometry (cf . also [53] ) . We have already reviewed and sketched some 
of the material from |43[ [4"4"1 [35] in [191 [23] and a brief sketch is given in 

Remark 3.1 (cf. also 011121111311111311311313111331331331191531153 
E3E3E3E3]). 

REMARK 6.1. There is considerable material concerning Weyl dark 
matter arising from from w^; this is in the form of a Weyl gas consisting 
of massive bosons of spin one. Another form of dark matter is constructed 
using the /3 field (cf. also [26, 68J). A sketch of the theory for conformally 
coupled dark matter appears in the last paper of [44] from which we extract 
here. Thus the field equations of the Weyl-Dirac theory can be derived via 
(6 A) 51 d = where Ijj = f Lf)^—gd 4 x and 

(6.1) L D = W^W flu -(3 2 R+kd fl /3d' 1 (3+(k-6)(2f3w fl ^+(3 2 w fl w fl )+2A(3 4 

Dirac took k = 6 in which case can be interpreted as the vector potential 
of the EM field and W^ u becomes the field tensor; this leads to (6B) Lp = 
W^vW^ — f3 2 R+6f3 a f3 a +2Aj3 4 . For cosmological purposes one now neglects 
the Maxwell term so that (6C) L D = -(3 2 R + 6/? CT /3 CT + 2A/5 4 . Putting this 
into (6A) one has the action for a conformal space and combining with 
the E-H action for gravitation and matter (6D) Lq = f(R + LiM^yf—gd^x 
leads to 

(6.2) 1 = J[R + L M + 8Tr(f3 2 R + (l/3)Ap 4 )]^g~d 4 x 

This is the general covariant action for a scalar field (3{x) coupled confor- 
mally to gravitation; one assumes here that Lm does not depend on j3 while 
dark matter is obtained from (3. Now varying the metric tensor in (|6.2j) 
gives (6E) iV - (l/2) giu ,R = -8vr(r^ + H^) where (6F) 8vr^T^ = 
5{yJ —gLM / 5g^ v ) and the dark matter comes from the energy momentum 
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density of the (3 field 

(6.3) " 

6-^ = - g^f3 a Pa - 20V + 2g^ lJ f3V a [3' T = (3 2 {R, IP - (l/2) 9flu R) 

Further variation in (3 yields the field equations 

(6.4) V CT /T + (l/6)/?i? = 0^ = 0=> R = 8irTZ 

Hence the field equation in ([63]) becomes (6G) V CT /3 CT = -(4vr/3)/3T^ so 
that the behavior of the conformally coupled field depends on the amount 
and state of ordinary matter. Finally using the contracted Bianchi iden- 
tity one obtains from (16. 3D (6H)Vj,E^ = and from (30) the equation 

(6i) v^t; = 0. ■ 

REMARK 6.2. In order to indicate relations to Brans-Dicke (BD) the- 
ory, which arises in some treatments of dark energy as in Remark 6.1, we re- 
view briefly the Weyl-Dirac theory following [28] (sketched also in |19}l23j). 

One starts with ds' = jds, ds 2 = g^dx^dx" — > ^y 2 ds 2 (7 ~ exp(X)), etc. 

N " 



T it is 



and yj— g has weight (or power) 4. If T is a tensor and T —* 7 
called a cotensor of power N. One takes a connection (6J) as in (|4.5 



(or (JT7D) so that (6K) V* 5 = V M 5 - iV0 M S' as in (4H) where V M is based 
"A . rA Then in particular ( V * ^ * V ) 



on T" ~ 



fx 



(6.5) 



= - (N - 1 

(co-covariant derivative of ^4^) and also (6L) i?* 



g^c/) a A a 
R-6V a (j) a +( 



K 



as in (IV). For the vacuum action Dirac takes 

(6.6) I = j jW^xW^ - (3 2 R* + fcV£/?V*/3 + c/3 4 

which, via (6L) and V A1 (/3 2 ^) -> leads to 
"1. 



-gd x 



(6.7) 



7 



W.xW^ - (3 2 R + 6/m + c/3 4 



-gd 4 x 



where ~ d^(3 and k = 6. This agrees with (|2.2p (up to a factor of 1/4) 
when Lm is omitted and c ~ 2A. This vacuum action no longer involves 
the (j)n explicitly but only via F„ u and is therefore invariant under trans- 
formations (f>a — > 0u + <9 M x- The Einstein gauge involves [3 = 1 and yields 
the standard Einstein equations. Variation of the action gives (6M) 51 = 
j[(l/2)P> lu 5g^ v + + S5i3]y/=gd*x where the term c(Py/=g has been 

dropped on the grounds of only being important for cosmology. One obtains 
then (calculations are omitted and perfect differentials are neglected) 

(6.8) «5[(1/4)F^F^V=5] = (l/2)^V=ff%, - ^ 
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& v = lg^F a/3 F al3 - F^ a F v a , J» = XJ V F» V = y /=f x d v (F> a 'y/=g) 

Further calculation (continuing to neglect perfect differentials) gives then 

(6.9) Q" = -J 1 "; S = -20R = 12V^; 

pnv = E ^ + [3 2 (2R^-g^R)-4:g^pV p l3 p + A(3V v ^ + 2g^(5 a p a -^l3 u 
The field equations for the vacuum are then (6N) P pi> = 0; = 0; S = 
which are not all independent since (60) P° = -2(3 2 R-l2(3V a (3 a = (3S; 
thus the S equation is a consequence of the P equations. If one omits the 
EM term from the action it becomes the same as the Brans-Dicke action 
with integrand (6P) ipR — (uj/ip)di'ipd , "ip where e.g. ip ~ — 1 (cf. [H]) 
except that the latter allows an arbitrary value for the parameter k leading 
to an additional field equation, namely n/3 2 = 0. ■ 

REMARK 6.3. Dark energy and quintessence are treated in [U [91 \T7\ 
EH1 ESI E3 EH EH E3] for example and often models of the form 

,2 



(6.10) S = j d A xJ=g~ 



16?rG 



(R - 2A) + L ( / ) + L M 



are used, where involves a quintessence field (6Q) = —(l/2)d n (pd n (j)— 
V{4>). One then often goes directly to an FRW universe with metric 
(6R) ds 2 = —dt 2 + a 2 (t)5ikdx l dx k for example. In [15] Castro uses a Jordan 
BD action with a Jordan BD field 4> of Weyl weight —1 

(6.11) S = - J ^xy/\f\[^( w R) - (1/2)<T - V(cj>)] 

where D^cj) = d^cj) - A^cj) and W R = R - QA^ + 6V M ^ (with signature 
(+, — , — , — ) - recall K = R — QV\w x + 6w x w\ with signature (— , + + +) 
so K ~ - W R via R — * —R under signature change). We omit further 
discussion for the moment. ■ 



REMARK 6.4. We turn now to dark matter following Israelit 
and go back to the formulas of Section 2; thus using the action (|2.ip with 
no W\fj, and a slight change in parameter expression leads to (R%. = R) 

(6.12) I = J d A x-s/=g[-/3 2 R° - 167TK 2 ((3 2 w a w a + 

+2(3w a d a (3 + g Xa d x (3d a (3) + 6g XlT d x (3d a p + 2A/3 4 + L M ] 

(here a + 72itk 2 = 3 using 2(3^ = ftw^ as in (6S) below). We want to 
keep in mind here that the Dirac field (5 may be identified with a quantum 
mass 9Jt ~ j3 as indicated in (|5.16p . We have also seen in Remark 5.2 that 
conformal Einstein gravity (i.e. conformal GR) with (j) = exp(-ip) and 
£l 2 = exp(ip) also exhibits quantum mass via _1//2 = exp(Q/2). Thus 
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Sgr 



g a b = £l 2 g a b with Wl 2 /m 2 = SI 2 = _1 which implies Wl 2 = (3 2 = (^ _1 m 2 or 
/3 = m(f)~ 1 / 2 and conformality would then automatically introduces a Dirac 
field in addition to a gauge field as indicated after (5.20) (see Remark 
6.5). Consequently the step to consistent units transformation properties 
via conformality leads automatically to Weyl geometry, to quantum mass, 
and to some kind of Dirac- Weyl theory. Therefore Weyl spacetime has 
quantum mass in its very existence and insofar as Weyl geometry produces 
also dark matter as in [431 [14"] (see below) it seems to mean that there is a 
relation between quantum matter and dark matter (note this is all implicit 
in [13 [23]). Note also that Q/2 = -(l/2)log(<j>) = (1/2)^ = log{(3/m) so 
formulas in <fi go directly into formulas in Q with no intervening mass term 
m (also Q = 2log(f3/m) =>• exp(Q) = /3 2 /m 2 ). In particular (5.19)-(5.20) 
become (<fi ~ exp(-Q) = ip = Q) 
(6.13) 

J d^x^g e~ Q R - (a - fj e Q (Ve~ Q ) 2 + \^e~ 2Q L, 

= J d 4 x^e- Q R - (a - (VQ) 2 + \§iteT Q L M 

Note (|5.20p is conformal GR obtained from (|5.18|) via a conformal rescaling 
which of necessity leads to a relation between (j) and Q via connection to 
an IW theory with Q 2 = 9Jt 2 /m 2 = exp(Q); moreover via (5W) we obtain 
SOT = rh. The W-D theory of Section 5 with action as in (5.3) also produces 
a conformal factor 9Jl 2 /m 2 and a quantum mass 971 ~ f3 so in some sense 
(6.11) is equivalent to a Weyl-Dirac theory with action as in (5.2) and 
(3 ~ Wl. Thus perhaps we should try to put (|5.20p into a suitable Weyl- 
Dirac form (based on e.g. (|6.12p or (|2.ip . Recall from (if) (cf. Remark 
7.1) 

(6.14) - f3 2 K = -I3 2 R = -(3 2 R + 6(3 2 V x w x - 6(3 2 w x w x 

with (3 2 \7 x w x — > —2f3w x d x (3 after integration, leading to a version of (|2.ip 
(6.15) 

I = J d 4 x^/=g[-(3 2 R + a[3 2 w x w x + (<r + 6)d x f3d x p + 2aPw x d x (3 + 2A/5 4 ] 

We would like to find a W-D action with rh ~ m^ 1 ! 2 which arises from 
a gravitational situation, involving an equation of the form (2.1), (2.2), 
(3.14), (5.3), (6.7), or (6.12). Thus in addition to (6.15) ~ (2.1) consider 
the essential integrands (/3 M = 8^(3) 

(6.16) - /3 2 R + + (k — 6)(2/3^/3 M + [fw^ + 2A/5 4 ~ (5.3); 

-P 2 R + 6/3^ + c/5 4 ~ (2.2) ~ (6.7); 
-P 2 R - \Qirn 2 {[3 2 w a l3 a + 2f3w a f3 a + a (3 a ) + 6/3"$, + 2A/? 4 ~ (6.12); 
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-g 



(5.20) 



M 



(note 4> 2 \T I g ~ ^f^g via g ab = 0, 2 g ab = g ab = (f>g a b)- Note also that 
(6Q) u; M = 8^ = -<^/0 and (6R) (3 = m^ 1 ' 2 ^ = ((3/2)(-^/4>). 
Consequently (6S) (3^ = (l/2)(w IJi (3) d^log((3) = (l/2)w^ and for exam- 
ple in (6.3) one has 

(6.17) - (3 2 R + 6/^/3 M + c/3 4 ~ -f3 2 R + 3(3(3^^ + c/3 4 

To clarify (6.17) we note that for a = in (6.15) one has an integrand 
(using (6S) - recall [3^ = d^(3) 

(6.18) - (3 2 R + 6/? A /3 A + 2A/3 4 = -/? 2 # + 3/3/3^ + 2A/3 4 

and this corresponds to the original Dirac form (6.7) = (2.2) so (6.18) comes 
then from Israelit's (2.1) and hence (6.12). We also observe that the Shojai 
action in [65j (from which the (3 = 971 result emerges) has the form 

(6.19) A = J d 4 x^g~ [W^W^ - f3 2 R + (a + 6)V M /3\>/3 + L 

which is the same as the Rosen action (5.4) (agreeing with (2.1)). Hence 
our calculations seem to imply the following 

7. SOME SUMMARY REMARKS 

The introduction of unit invariants to GR leads from classical Einstein 
GR to an IW geometry in conformal GR with g ab = £l 2 g ab . A "confor- 
mal" mass then arises via rh 2 /m 2 ~ <f)~ l where <f> = exp(—tp) and the 
Weyl vector is io« = d^tp = ~(4 > ^/4 > ) with action (5.20). The conformal 
mass has the form rh = m^> -1 / 2 following [13] and fh 2 /m 2 = = f2 2 . 
On the other hand one can construct a Dirac- Weyl theory with action 
(2.1) = (6.15) = (5.3) = (5.4) which are also equivalent to the Shojai ac- 
tion (6.19) from which is derived SI 2 = 9Jt 2 /m 2 = exp(Q) with Q a natural 
quantum potential as in (5K) and 9Jt ~ j3. The identification now of rh 
with SPT then leads to (3 ~ 971 = rh with (6Q) 2/3 M = w^f3 and to (6.13) 
expressing Sqr in terms of the quantum potential Q as in (5K) ~ (if it). 
This may also suggest some connections of dark matter to the ensemble 
density characterizing the quantum potential via the procedures of [43|. 



REMARK 7.1. As indicated after (6.20) ^/^g4>R ^gR in (5.20) 
and thus (5.20) is connected to the Weyl-Dirac actions above. More pre- 
cisely following e.g. [16] we think of conformal transformations g^ u — Vt? 'g^u 
sow ~ exp(-2w) in [16] or ft 2 ~ -(1/2F)). Then 



(7.1) y/-g(FR + (l/2)^V^V,x - V( X ) = 

= V=g~[-(l/2)R + (l/2)V aX V a X - V( X )\ 
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Note in particular that ^f^gR{2Sl 2 )~ l <-> -yf=g(R/2) so VL 2 ^/^gR ~ 
^—gR = ^/—gR ~ cf)\/—gR as indicated after (6.20). In addition one has 

(7A) (l/2)y/=tfr v x%X «- (1/2)V=5V Q XV Q X and going to (5.1)-(5.2) or 
(6.19) for example we see that covariant derivatives go into covariant deriva- 
tives of the same form. Moreover from /3 2 = m 2 4>~ 1 = m 2 exp(tp) = m 2 £l 2 
we can write 2d a f3/(5 = d a tp etc. and thus /3 derivatives go into ip deriva- 
tives times exp(ifj/2), which is consistent with (5.19) for example. Thus 
it appears as if the Weyl-Dirac formulation is in fact equivalent to that of 
conformal GR but some details could still deserve to be checked. ■ 

REMARK 7.2. Despite all the beautiful formulas involving Q = 
a(0^/p/y/p) where p ~ l^l 2 for \& a Schrodinger wave function there are 
problems in interpretation of \^f\ 2 as a probability density. This has been 
addressed by many authors including Diirr, Goldstein, Zanghi, et al and 
Nikolic (see e.g. p]3 [231 EQ] ) • ■ 



21 



ROBERT CARROLL UNIVERSITY OF ILLINOIS, URBANA, IL 61801 



References 

[1] R. Adler, M. Bazin, and M. Schiffer, Introduction to general relativity, McGraw- 
Hill, 1975 

L. Anderson and J. Wheeler, [hep-th 0305017) 0406159, and 0412229 



O. Arias and I. Quiros, [gr^qc 0212006 
O. Arias, T. Gonzalez, Y. Leyva, and I. Quiros, Class. Quantum Gravity, 20 (2003), 
2563-2578 

G. Asanov, Finsler geometry, relativity, and gauge theories, Reidel, 1985 

J. Audretsch, Phys. Rev. D, 24 (1981), 1470-1477; 27 (1983), 2872-2884 

J. Audretsch, F. Gahler, and N. Straumann, Comm. Math. Phys., 95 (1984, 41-51 

J. Audretsch and C. Lammerzahl, Class. Quant. Gravity, 5 (1988), 12885-1295 

N. Banerjee and D. Pavon, Class. Quantum Gravity, 18 (2001), 593-599 

R. Bean, S. Carroll, and M. Trodden, [astro-ph 0510059 

G. Bertoldi, A. Faraggi, and M. Matone, [hep-th 9909201 

M. Blagojevic, Gravity and gauge symmetry, IOP Press, 2002 

R. Bonal, I. Quiros, and R. Cardenas, gr-qc 0010010 

C. Brans and R. Dicke, Phys. Rev., 124 (1961), 925-935 

V. Canuto,, P. Adams, S. Hsieh, and E. Tsiang, Phys. Rev. D, 16 (1977), 1643-1663 

S. Capozziello and M. Francaviglia, astro-ph 0706.1146 

R. Cardenas, T. Gonzalez, O. Martin, and I. Quiros, astro-ph 0210108 



R. Cardenas, T. Gonzalez, Y. Leiva, and I. Quiros, astro-ph 0206315 

R. Carroll, Fluctuations, information, gravity, and the quantum potential, 

Springer, 2006 

R. Carroll, |gr-qc 0501043] 

R. Carroll, |math-ph 0701007| 

R. Carroll, |math-ph 0703065 1 

R. Carroll, On the quantum potential, Abramis Academic, to appear 

C. Castro, Found. Phys., 22 (1992), 569-615; Found. Phys. Lett., 4 (1991), 81-99; 

Jour. Math. Phys., 31 (1990), 2633-2636 

C. Castro and J. Mahecha, Prog. Phys., 1 (2006), 38-45 

C. Castro, On dark energy, Weyl's geometry, Preprint, 2006 

H. Cheng, Phys. Rev. Lett., 61 (1988), 2182-2184 

P. Dirac, Proc. Royal Soc. London A, 332 (1973), 403-418 

W. Drechsler and H. Tann, [gr^qc 9802044| 

W. Drechsler, Found. Phys., 29 (1999), 1327-1369 

V. Faraoni, Cosmology in scalar tensor gravity, Kluwer, 2004 

A. Faraggi and M. Matone, Inter. Jour. Mod. Phys. A, 15 (2000), 1869-2017 

A. Feoli, W. Wood, and G. Papini, [gr^qc 9805035| 

Y. Fujii and K. Maeda, The scalar tensor theory of gravitation, Cambridge Univ. 
Press,2003 

T. Fulton, F. Rohrlich, and L. Witten, Rev. Mod. Phys., 34 (1962), 442-457 

R. Gannouji, D. Polarski, and A. Ranquet, astro-ph 0701650 

T. Gonzalez, G. Leon, and I. Quiros, astro-ph 0502383 and 0702227 

E. Guendelman and a. Kaganovich, Phys. Rev. D, 53 (1996), 70207025; 55 (1997), 
5970-5980; 60 (1999), 065004-1 

A. Heavens, T. Kitching, and L. Verde, astro-ph 0703191 

F. Hehl, P. von der Heyde, G. Kerlic, and J. Nester, Rev. Mod. Phy., 48 (1976), 
393-416 



REMARKS ON WEYL GEOMETRY AND QUANTUM MECHANICS 



25 



[41] F. Heyl and Y. Obukhov, |gr-qc 0001010] 0103020, and 0508029; Found. Phys., 35 
(2005), 2007-2025 

F. Heyl, Y. Itin, and Y. Obukhov, [physics 06102211 

M. Israelit, The Weyl-Dirac theory and our universe, Nova Science Publ., 1999 
M. Israelit, Found. Phys., 28 (1998), 205-228, 29 (1999) 1303-1322, 32 (2002), 
295-321 and 945-961; |gr-qc 960 8035 

M. Israelit and N. Rosen, Found. Phys., 22 (1992), 555-568; 24 (1994), 901-915; 
25 (1995), 763 

M. Israelit, Gen. Relativity and Gravitation, 29 (1997), 1411-1424 and 1597-1614 
E. Lord, Tensors, relativity, and cosmology, Tata McGraw-Hill, 1976 

G. Magnano and L. Sokolowski, Phys. Rev. D, 50 (1994), 5039-5059 

0. Moritsch and M. Schweda, |hep-th 9405133| 

H. Nikoli/'c, |quant-ph 0406173[ and 06020254; |hep-th 06101381 
J. Noldus, [gr^qc 0508104| 

B. O'Neill, Semi-Riemannian geometry, Academic Press - Elsevier, 1983 
T. Padmanabhan, |astro-ph 0603114| gr-qc 0705.2533 
G. Papini, |gr-qc 0304 082 
P. Peebles, [astro-ph 0207347] 

V. Perlick, Class. Quant. Gravity, 8 (1991), 1369-1385 
N. Poplawski, fgr-qc 06121931 0701176, 0702129, and 0705.0351 

I. Quiros, Phys. Rev. D, 61 (2000), 124026; [hep-th 0009169| 

1. Quiros, hep-th 00 09169 and 0010146; gr-qc 9904004] and 0004014 
I. Quiros, R. Bonal, and R. Cardenas, gr-qc 9905071 and 0007071 
N. Rosen, Found. Phys., 12 (1982), 213-224; 13 (1983), 363-372 
E. Santamato, Phys. Rev. D, 29 (1984), 216-222; 32 (1985) 2615-2621 



[63] E. Scholz, 


astro-ph 0403446 


gr-qc 0511113 


[64] E. Scholz, 


astro-ph 0409635 


gr-qc 0703102 



F. and A. Shojai, gr-qc 0306099 and 0404102 

F. and A. Shojai and M. Golshani, Mod. Phys. Lett. A, 13 (1998), 2725, 2915, and 
2965 

F. Shojai and M. Golshani, Inter. Jour. Mod. Phys. A, 13 (1998), 677-693 and 
2135-2144 



S. Tiwari, |gr-qc 0307079] 

H. Wei and R. Cai, |astrc-ph 0607064| 

H. Weyl, Raum-Zeit-Materie, 1923 % 

J. Wheeler, Phys. Rev. D, 41 (1990), 431-441 

W. Wood and G. Papini, |gr-qc 96120421 

W. Zimdahl, gr-qc 0705.2131 



